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Intr oduction

� Computational Mathematics are pushing the limit of what is feasible today.

� Theories, algorithms, programs and hardware are all important.

� Many of these progress can be put to good use, e.g., in oil industry.

� Huge requirements for modeling and simulation: exploration, exploitation
and production, transportation, chemical processing, etc . . .
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Genetic algorithms Problem de�nition

� Given f : E = f 0; 1gN ! R�
+ , �nd the set f � of global maxima of f .

� N is big: exhaustive search is excluded.

� Idea (J. Holland (1970)): evolve a set of points of E as if they were a
population of individuals or chromosomes.

� f measures the ”adaptation” of an individual to its environment.

� The algorithms are iterative and stochastic.

� They use three operators: mutation, crossing-over, selection.



Genetic algorithms A simple algorithm

� m is the population size. X n denotes the population at time n, X n 2 E m :

X n
mutation! Yn

crossing-over
! Zn

selection! X n +1

� Mutation : Change each letter in each coordinate of X n with probability p
(Bernoulli).

� Crossing-o ver : Pick m=2 pairs of individuals in Yn . For each pair perform
crossing-over with probability q (Bernoulli):

000 � � � 00011 01101 � � � 001
100 � � � 01110 00110 � � � 111

!
000 � � � 00011 00110 � � � 111
100 � � � 01110 01101 � � � 001

� Selection : The m individuals of X n +1 are selected from Zn using the
probability law:

P(Z h
n ) =

f (Z h
n )

f (Z 1
n ) + � � � + f (Z m

n )
h = 1; � � � ; m



Genetic algorithms A simple algorithm: discussion

� (X n )n 2 N is a Markov chain.

� Standard result:

lim
n ! + 1

P(X n = yjX 0 = x) = � (y) is independent of x

� Wouldn't it be nice if

lim
n ! + 1

P(X n � f � jX 0 = x) = 1 8x 2 E m

� Many choices must be made in the design of the algorithm. They are guided
by heuristic considerations.

� The work of Raphaël Cerf (2000) allows to �r mly ground all this in
Mathematics.

� His approach is based on the theory developed by Freidlin and Wentzell
(1984).



Genetic algorithms The Freidlin-Wentzell theory

� Consider a deterministic dynamic system: in the limit, the system is
attracted to a particular subset which depends upon the initial conditions.

� This partitions the space into basins of attraction.

� The theory describes what happens when the system is perturbed by
vanishingly small brownian motion.

� The probabilities of jumping from one basin of attraction to another can be
computed.

� In the generic case the probability gets concentrated on a single attractor.

� Cerf uses this theory to design an algorithm such that this attractor is f � .



Genetic algorithms Cerf theory

� Build an unperturbed process X 1
n that guides the dynamics of the genetic

algorithm.

� Randomly perturb this process as a sequence of processes X l
n such that

when l grows large the Markov chain X l
n behaves as X 1

n with a large
probability.

� Control the growth of l in such a way that we �nd the elements of f � .



Genetic algorithms The unperturbed process

� Notations : if x = (x1; � � � ; xm ) 2 E m de�ne

f̂ (x) = maxf f (xk ); k = 1; � � � ; mg x̂ = f xk ; k = 1; � � � ; m; f (xk ) = f̂ (x)g

� Independently choose the m components of X 1
n +1 from X̂ 1

n .

� The individuals whose adaptation is not maximal at time n are destroyed at
n + 1.

� The individuals with maximum adaptation have equal probability of survival.



Genetic algorithms The perturbed process

� Mutation : p is now a function of l : p = 1=la, a > 0. Mutations disappear
when l ! 1 .

� Selection : Suppose Y l
n = (y1; � � � ; ym ), the probability of selecting yk is

P(yk ) = l f (yk )=
mX

r =1

l f (yr )

it concentrates on the best individuals when l ! 1 .

� Crossing-over is not necessary!



Genetic algorithms The main result

� Theorem (Cerf 2000)
Given the search space E, the function f and the positive constant a, there
exists a critical population size m� (depending on those three elements)
such that if m � m� , the attractors on which the probability of presence of
the process X l

n concentrates when l ! 1 are populations containing only
points of f � (i.e., global maxima of f ):

8m � m� 8x 2 E m lim
l !1

lim
n !1

P(X l
n 2 (f � )m jX l

0 = x) = 1



Genetic algorithms Practical considerations

� l is a function l(n) of n.

� l (n) can be chosen in such a way that X l
n (n) always contains points of f �

after a �nite number of transitions:
Theorem (Cerf, 2000)
there exist two positive constants H 1 (bounded function of m) and H �

e such
that this is true iff

1X

n =0

l (n)� H 1 = 1
1X

n =0

l(n)� H �
e < 1

� Theorem (Cerf, 2000)
The speed of convergence increases linearly with m and the algorithm is
intrinsically parallel.
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Shape optimization Problem example: hydrostatic pressure

� The hydrostatic pressure u in a porous medium of porosity � can be
obtained by solving the Darcy's equation

r � (� r u) = f

with some appropriate boundary counditions.

� When the porous medium is made of quasi-homogeneous layers, � is
almost constant in each layer but jumps when crossing the interfaces.

� Finding the best interfaces in order to minimize the discrepancy between the
predicted and the measured pressure is a problem in shape optimization.

� Powerful tools for solving such problems have been developed in the last
twenty years, e.g. Delfour and Zolésio (2001) for a good introduction.



Shape optimization Shape derivative

� The set of shapes is not a Banach space.

� Consider a set of smooth transformations T : 
 ! Rn : it is a Banach space.

� Consider a differentiable family (T(� )) � � 0 of such transformations, T(0) =
I d.

� A shape functional J (
) is said to have a Eulerian derivative iff the following
limit exists:

lim
� ! 0

J (T(� )(
)) � J (
)
�

� This limit depends only upon the velocity vector �eld V generated by T(� ):

V (x; � ) =
@T
@�

(� ; x)

� We note dJ(
; V ). If dJ(
; �) exists for all � 's and if the mapping � !
dJ(
; �) is linear J is said to be differentiable.

� The structure theorem (Delfour Zolesio 2001) states that the support of the
shape gradient is in @




Shape optimization Shape gradients under a state equation constraint:
Nonhomogeneous Dirichlet problem

� Let 
 be a bounded open domain of RN with a suf�ciently smooth boundary
� .

� Let y = y(
) be the solution of the nonhomogeneous Dirichlet problem

� � y = f in 
 ; y = g on � (1)

� f and g are �x ed functions in H 1=2+ " (
) and H 2+ " (
) , " > 0, respectively.

� Associate with the solution of (1) the objective function

J (
) =
1
2

Z



jy(
) � ydj2 dx;

for some �x ed function yd in H 1=2+ " (
) , representing the measurements.

� Our goal is to compute the derivative of J (
) with respect to 
 subject to
the state equation (1).



Shape optimization Saddle point formulation of the state equation

� When g = 0 (1) is a variational problem in H 1
0 (
) . When g 6= 0, the Sobolev

space depends upon g.

� Step 1: introduce a Lagrange multiplier � and the new functional

L (� ;  ; � ) =
Z



(�� + f ) dx +

Z

�
(� � g)� d�

� Step 2: This is a convex-concave functional with a unique saddle point
�̂ ;  ̂ ; �̂ ) = (y; 0; 0). The Lagrange multiplier �̂ is given by @ ̂

@n on � .

� Step 3: This allows us to use the functional

L (
 ; � ;  ) =
Z



f (��+ f ) +(� � g)�  + r (� � g)�r  gdx on H 2(
) � H 2(
)

� Step 4: L has a unique saddle point ( �̂ ;  ̂ ) in H 2(
) � H 2(
) .



Shape optimization Saddle point formulation of the objective function

� We repeat the previous constructions.

� Step 1: Introduce the objective function

F (
 ; �) =
1
2

Z



j� � ydj2 dx;

� Step 2: and the new Lagrangian functional

G(
 ; � ;  ) = F (
 ; �) + L(
 ; � ;  )

� Step 3: it can be veri�ed that

F (
) = min
� 2 H 2(
)

max
 2 H 2(
)

G(
 ; � ;  )

� Step 4: the unique saddle point ( �̂ ;  ̂ ) = (y; p) is characterized by

� y + f = 0 in 
 ; y = g on � state equation
� p + (p � yd) = 0 in 
 ; p = 0 on � adjoint state equation



Shape optimization Shape gradient

� The shape gradient can be obtained (Delfour-Zolésio 2001)

dJ(
; V ) =
Z

�

�
1
2

jg � ydj2 +
@

@n
(y � g)

@p
@n

�
V:n d�

� This expression can be used to evolve the boundary.



Shape optimization Shape gradient: a second example

� Other example, the Neumann problem (state equation):

� � y + y = f in 
 ;
@y
@n

= 0 on @


� The objective function

J (
) =
1
2

Z



jy(
) � ydj2 dx

� The adjoint state equation is de�ned by

� p + p + y � yd = 0 in 
 ;
@p
@n

on @


� The expression of the shape derivative is

dJ(
; V ) =
Z

�

�
1
2

jy � ydj2 + r y � r p + yp � f p
�

V:n d�
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Nonlinear dimensionality reduction Position of the problem

� To �nd meaningful low-dimensional structures hidden in high-dimensional
observations.

� Previous approaches: Principal Component Analysis (PCA), MultiDimensional
Scaling (MDS), Local Linear Embedding (LLE)and Isomap algorithms.

� We present the Laplacian graph technique (Belkin-Niyogi 2002): it
is representative of these new techniques and has a nice geometric
interpretation.



Nonlinear dimensionality reduction Other approaches

Clustering PCA

ICA LE



Nonlinear dimensionality reduction Continuous setting I

� The signal lies in a low-dimensional manifold M of a large-dimensional
feature space F .

� Consider a twice-differentiable one-dimensional mapping m : M ! R. For
(x; y) 2 M 2

jm(x) � m(y)j � dist M (x; y)kr m(x)k + o(dist M (x; y))

� If the embedding of M in F is isometric dist M (x; y) = kx � yk + o(kx � yk)

� kr m(x)k provides an estimate of how far apart m maps nearby points.



Nonlinear dimensionality reduction Continuous setting II

� We are led to the optimization problem

min
m

Z

M
kr m(x)k2 dx subject to kmkL 2(M ) = 1

� This is equivalent to �nding the eigenfunctions of the Laplace-Beltrami
operator L on M :

Z

M
kr m(x)k2 dx = �

Z

M
m(x)div(r m(x)) dx =

Z

M
L (m)m dx

� M is assumed to be compact and hence the spectrum of L is discrete: the
�rst eigenfunction m0 is constant and L (m0) = 0. The next eigenfunctions
(m1; � � � ; md) provide a d-dimensional embedding.



Nonlinear dimensionality reduction Discrete setting I

� We note (X n ; n = 1; � � � ; N ) the data points.

� Graph construction : create an edge between X i and X j if kX i � X j k � "
(metric construction) or create an edge between X i and its k nearest
neighbours (topological construction).

� Choosing the edge weights :

Wij =

8
<

:
exp

�
� kX i � X j k2

2� 2

�
if X i and X j are connected

0 otherwise



Nonlinear dimensionality reduction Discrete setting II

� The choice of these weights can be justi�ed by the connection between the
Laplace-Beltrami operator and the Heat equation.

� Eigenmaps : Form the diagonal matrix D such that D ii =
P

j Wj i and the
graph Laplacian matrix L = D � W. The eigenmaps (mi ; i = 1; � � � ; d) are
the solutions of

Lm = �D m

� The d-dimensional embedding is

X i ! (m1(i ); � � � ; md(i ))



Nonlinear dimensionality reduction Example: fMRI modeling

fMRI time courses re�ect
task-related activity + physiological confounds + measurement errors +
spontaneous activity ...



Nonlinear dimensionality reduction fMRI modeling

Find reduced representations of the data that retain its essential features.
i.e. account for (dis-)similarities of the temporal patterns across the dataset.

Question : How to model the signal space globally?



Nonlinear dimensionality reduction fMRI modeling

� 1 session of real data [Vanduffel-Fize-etal:01]

� Study of monkey vision: passive observation of static/moving textures

� N = 12320voxels, T = 120scans

� Exploratory analysis of the normalized time series



Nonlinear dimensionality reduction Comparison with PCA (unsupervised
analysis of the time courses)

The Laplacian embedding technique gives a more precise representation of the
data than classical linear methods (Thirion 2003).



Nonlinear dimensionality reduction Localizer experiment I

� 0ne-session event-related experiment

� Localizes the main brain functions: primary visual areas, primary auditory
areas, reading, computation, motor (left and right hand clicks).

� Standard preprocessing: slice timing, band-pass �lter ing, spatial
normalization.

Exploratory analysis with Laplacian embedding approach (Thirion 2004).



Nonlinear dimensionality reduction Localizer experiment II

LE 1 LE 2 LE 3 LE 4 LE 5
z=8mm z=44mm z=0mm z=4mm z=56mm

visu-auditory computation understanding prim. visu motor
LE 6 LE 7 LE 8 LE 9

z=52mm z=-8mm z=36mm z=52mm

motor ? ? L-R motor
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Conc lusion

� Three examples of large classes of computational mathematical methods.

� Clearly relevant for many aspects of oil/gas industry and beyond.

� Serendipity may help!


